Abstract. The Umov effect manifests itself as an inverse correlation between the linear polarization maximum of an object's scattered light P max and its geometric albedo A. This effect is observed for the Moon, Mercury and Mars, and there are data suggesting this effect is valid for asteroids. The Umov effect is due to the contribution of interparticle multiple scattering that increases albedo and decreases polarization. We here study if the Umov effect can be extended to the case of single irregularly shaped particles with sizes comparable with the wavelength. This, in particular, is important for cometary dust polarimetry. We show the Umov effect being valid for weakly absorbing irregular particles (Im(m) ≤ 0.02) almost through the entire range of size parameters x considered. Highly absorbing particles (Im(m)>0.02) follow the Umov effect only if x exceeds 14. In the case of weakly absorbing particles, the inverse correlation is essentially non-linear, which is caused by the contribution of particles with small x. However, averaging over many different types of irregularly shaped particles could make it significantly more linear.
Introduction
The inverse correlation between geometric albedo and polarization degree of light scattered from rough surfaces illuminated by unpolarized light was noted more than 150 years ago by Provostaye and Desain (1852) . They also found depolarization of light scattered from the surfaces illuminated by linearly polarized light: the depolarization is higher for bright rough surfaces. Much later Nikolay Umov (1905) described the interrelation between geometric albedo and depolarization for colored media that scatter light diffusively. Although in the original manuscript Umov provided only a qualitative description of measurements, since then the inverse correlation between the surface brightness and degree of linear polarization has been referred to as the Umov effect or Umov Law (see, e.g., Toporets, 1950; Wolff, 1980; Woessner and Hapke, 1987; Hapke, 1993; Levasseur-Regourd et al., 1997; Hadamcik et al., 2002; Penttilä et al., 2003; Mishchenko et al., 2007; Shkuratov et al., 2007; Zubko et al., 2009a) . Note also that Lyot (1929) noticed a dramatic difference in linear polarization of the first and last quarters of the Moon, which have substantially different albedo.
Quantitative data on the effect have been derived by astronomers observing the Moon (e.g., Pellicori, 1969; Shkuratov, 1981; Kornienko et al., 1982; Novikov et al., 1982; . Clark (1965) assumed a linear relationship between the maximum of positive polarization and geometric albedo A, though a year earlier Avramchuk (1964) found a more adequate fitting function for the lunar data: a linear dependence between the logarithms of geometric albedo and the maximum of linear polarization.
We emphasize that applying the logarithmic scales is reasonable, since the effect is related to the linear polarization degree P. Indeed, 
where and denote the intensities of the scattered light components that are perpendicular and parallel to the scattering plane, respectively. Note that the scattering plane is defined by the location of the Sun, target, and observation point. The value P is a complicated function of phase angle α. Evidently, the value ( However, the value ( ) can be a complicated function of albedo and other parameters, and, as a consequence, the relationship is not trivial.
|| I I − Figure 1 shows the correlation between the logarithm of albedo A and the logarithm of the maximum of positive polarization P max for 22 sites on the Moon (the data are adapted from . For this diagram we used the discrete telescope polarimetric measurements that were carried out in red (0.65 μm) and blue (0.42 μm) light. used albedo A at α = 3.1°, and they approximated P max by the polarization degree at α = 90°. Note that, strictly speaking, the geometric albedo is defined at α = 0° (e.g., Karttunen et al., 1996) . However, in ground-based observations of the Moon, the regime of exact backscattering cannot be achieved; therefore, geometric albedo was approximated by albedo at α = 3.1°. As one can see in Fig. 1 , the inverse correlation between log(P max ) and log(A) is very strong.
Nevertheless, there are deviations from the regression line that contain information about the properties of the target (Shkuratov, 1981; Kornienko et al., 1982; Novikov et al., 1982; Dollfus, 1998) .
The physical mechanism governing the Umov effect is quite clear: in a bright regolithlike surface, multiple scattering between particles is highly pronounced; i.e., light interacts with many particles before being completely absorbed or leaving the discrete medium. Multiple scattering occurs between particles that are not located in one plane, which means that the scattering plane changes at every scattering event. In terms of the Stokes parameters describing the scattered light (e.g., Bohren and Huffman, 1983) , this leads to a "distribution of polarization state" between the three Stokes parameters Q, U, and V. However, in the standard geometry of light scattering, i.e. when the surface is either illuminated or observed along the surface normal, the averaging over many paths of light in a discrete disordered medium reduces the last two parameters due to isotropy of the medium. The scattered light therefore becomes less polarized.
The influence of multiple scattering on positive polarization has been studied in the geometric optics approximation with numerical simulation of light scattering in powdered surfaces (Wolff, 1980; Shkuratov and Grynko, 2005) . In particular, it was shown that powders consisting of particles with different shapes demonstrate the different P max -A dependences (Shkuratov and Grynko, 2005) . It also was clearly demonstrated that the diagram log(P max ) -log(A) can be non-linear, especially, in the case of dark surfaces (Wolff, 1980) . When the surface is illuminated or observed along the surface normal, the polarization degree is zero at the exact backscattering. At phase angles from opposition to approximately 30°, the polarization degree may be negative, and this portion of the polarization phase function often is referred to as the negative polarization branch (NPB). The NPB ends at the inversion phase angle α inv where the positive polarization branch begins. The polarization continues to the polarization maximum P max occurring at a phase angle typically larger than 90° (see, e.g., . The Umov effect is most often applied to polarization degree near P max . Sometimes, it has been discussed in the context of the NPB Zellner et al., 1974) . While this may not be inconsistent with the very general original qualitative description provided by Umov (1905) , we know that the mechanisms that produce the negative and positive polarization that manifest themselves in the two different branches are different (e.g., Zubko et al., 2008; Tyynelä et al., 2010) .
One interesting consequence of the Umov effect is to link the slope h of the polarization curve at the inversion phase angle α inv to the geometric albedo A (e.g., Zellner et al., 1977a,b; Geake and Dollfus, 1986; Wolff, 1980; Shkuratov 1980; . The correlation between h and A is widely used to determine albedo of asteroids (e.g., Lupishko and Mohamed, 1996; Cellino et al., 1999; . Obviously, the slope h of the polarization includes information not only about the amplitude of P max , but also about the location and value of the NPB minimum.
The correlation between P max and h is not linear for the Moon. Opanasenko and Shkuratov 1994) .
The NPB does not depend on albedo as simply as the positive polarization. For instance, the lunar diagram P min -A has a horse-shoe shape Opanasenko and Shkuratov, 1994) , and the same behavior was found for many samples in laboratory measurements . Different measurements also have shown that the shape and amplitude of the NPB strongly depend on the structure and size of particles and, in some cases, the NPB may not exist (e.g., Shkuratov et al., 2002 , Ovcharenko et al., 2006 . The same complex behavior of the NPB has been observed in numerical simulations of light scattering by single irregularly shaped particles (e.g., Zubko et al., 2006) . While the parameter h that depends on the NPB is useful, it is physically intractable. No wonder that, when some object produces a NPB different from what is considered to be typical, like the nucleus of comet 2P/Encke, the relationship between the geometric albedo and the slope of the polarization curve fails (Boehnhardt et al., 2008) . Note also that the inverse correlation between the slope of the polarization curve and geometrical albedo fails for very dark surfaces when the contribution of multiple scattering is weak (Hapke, 1993; Shkuratov 1980; Zellner et al., 1977a,b) . Note that recent infrared studies for the geometric albedo of asteroids have renewed interest in independent examination of the obtained results; which can be done using the slope of the polarization curve h (e.g., Harris et al., 2007) .
In this paper, we focus on the Umov effect and its formulation as an inverse correlation between albedo and P max in application to single dust particles having sizes comparable with the wavelength. In section 2, we introduce briefly the discrete dipole approximation (DDA) -a flexible technique to perform numerical simulations of light scattering by particles of arbitrary shapes and internal structures and, also, our methods of generation of sample particles. In section 3 we present and discuss results. Finally, in section 4 we present the conclusions of this research.
Modeling light scattering

The discrete dipole approximation (DDA) method
We compute light scattering by irregularly shaped particles whose sizes are comparable with the wavelength of the incident light using the DDA (e.g., Purcell and Pennypacker, 1973; Draine, 1988; Draine and Flatau, 1994; Yurkin and Hoekstra, 2007; Zubko et al., 2010) . This approach allows us to consider particles with arbitrary shape and internal composition. In the DDA, a target particle is modeled with an array of small constituent volumes that together reproduce the shape and internal optical properties of the original particles. These constituent volumes must be significantly smaller than the wavelength of the incident electromagnetic wave, and their scattering properties take the form of a simple analytic expression (i.e., the Rayleigh approximation). With this replacement, one can reduce the light-scattering problem to a system of linear algebraic equations. One additional restriction is that they are located in a regular cubic lattice, so that an FFT may be used to accelerate the computations (Goodman et al., 1991) . We use a well tested implementation of the DDA to perform the calculations of this manuscript (Penttilä et al., 2007 ).
An important parameter specifying the DDA applicability is the size of the cubic lattice spacing d. In application to irregular particles, the DDA provides accurate numerical results under the condition kd|m| ≤ 1, where wavenumber k = 2π/λ, λ is the wavelength of the incident electromagnetic wave, and m is the refractive index of particle . Note that throughout this study, the parameter kd|m| remains less than 0.85.
Models of irregularly shaped particles
We study six types of irregularly shaped particles that could be labeled as follows: agglomerated debris particles, pocked spheres, rough-surface spheres, strongly damaged spheres, debris of spheres, and Gaussian random particles. Example images of these particles are shown in Fig. 2 . One can see that all particles appear to be essentially non-spherical and reveal a wide variety of particle structures. Indeed, there are highly compact structures, such as rough-surface spheres and Gaussian random particles. Fluffy structure is represented by agglomerated debris particles and pocked spheres. While strongly damaged spheres and debris of spheres correspond to moderate cases.
Except for the Gaussian random particles, irregularly shaped particles have been generated using one algorithm, which is as follows. In computer memory, a spherical volume is filled with a regular cubic lattice that is considered as the initial matrix of the irregular particles.
In the general case, we consider two sizes for the initial matrix, consisting of 137,376 and 1,099,136 cells; whereas, the choice between them is based on the requirement of the validity criterion for the DDA (i.e. kd|m| < 0.85). In the process, the elements of the cubic lattice inside the initial matrix are assigned material properties corresponding to the refractive indices of the particles. All cubic cells forming this initial matrix are divided into two groups: cells belonging to the surface layer and cells internal to the surface layer. The depth of the surface layer is a parameter of our model. For instance, in the case of agglomerated debris particles and roughsurface spheres, the depth takes value of only 0.5% of the radius of the initial matrix, i.e., the surface layer is formed only by dipoles having direct contact with the surrounding empty space.
In the case of pocked spheres, the depth is 12.5% of the radius of the initial matrix. Strongly damaged spheres and debris of spheres are generated having no surface layer; i.e., all cells of the initial matrix are treated as internal.
Once cells forming the initial matrix are divided into two sub-groups, we choose seed cells for empty space and material at random. In general, we distinguish two types of seed cells for empty space, those belonging to surface layer and those belonging to the internal volume; whereas, seed cells for the material are allocated only among internal cells. For instance, agglomerated debris particles are generated with 100 seed cells of empty space randomly chosen in the surface layer, 20 seed cells of empty space, and 21 seed cells of material randomly allocated throughout the internal volume. For rough-surface spheres, the numbers of seed cells are 1200 for empty space in the surface layer, 150 for material and 0 for empty space within the interior. In the case of pocked spheres they are 100, 50, and 0, respectively. Because strongly damaged spheres and debris of spheres are generated with zero depth of the surface layer, it implies that the number of seed cells for empty space allocated in the surface layer is 0. For strongly damaged spheres, there are 20 seed cells of empty space and 21 seed cells of a material; whereas, for debris of spheres the numbers of seed cells of empty space and material are both equal to 4.
The final stage of generating a target particle is to evaluate the rest of the cells forming the initial matrix: step-by-step, each cell distinct from the seed cells is marked with the same optical properties as that of the nearest seed cell. More images, volume distributions, and lightscattering properties of agglomerated debris particles, pocked spheres, rough-surface spheres, and strongly damaged spheres can be found in Zubko et al. (2006; 2009a) .
Using the algorithm described in Muinonen et al. (1996) , we have generated a set of 100 samples of random Gaussian particles. This type of particle is parameterized by the relative radius standard deviation σ and power law index in the covariance function of the logarithmic radius ν, which take values of 0.245 and 4, respectively. Unlike other types of irregular particles involved in this study, random Gaussian particles possess a smooth surface; nevertheless, their shape is significantly non-spherical. Note that light scattering by exactly the same ensemble of shapes of random Gaussian particles has been studied in , and additional images of sample particles can be found therein.
Two important parameters characterizing irregularly shaped particles are the radius of the circumscribing sphere r cs and the packing density ρ of the particle material. Note that these parameters do not describe completely the properties of a particle. The more complicated the structure, the more parameters are needed to describe it. Nevertheless, even considering the effects of varying these two parameters may significantly improve our understanding of scattering peculiarities of irregularly shaped particles. In cases of non-Gaussian irregular particles, the radius of the circumscribing sphere is close to the radius of the initial matrix; the difference does not exceed 1%. We approximate the circumscribing sphere with the largest sample from the set of 100 particles to preserve the size distribution of random Gaussian particles obtained with original algorithm described by Muinonen et al. (1996) . We define the packing density of a particle as the ratio of volume occupied by the particle material to volume of the circumscribing sphere. Values of packing density are approximately 0.236 for agglomerated debris particles, 0.336 for pocked spheres, 0.523 for rough-surface spheres, 0.512 for strongly damaged spheres, 0.500 for debris of spheres, and 0.139 for random Gaussian particles. As one can see, the packing density varies over a wide range for the 6 types of irregularly shaped particles considered.
Parameters of particles
In general, light scattering by a small particle is determined primarily by the complex refractive index m of the particle material and the ratio of the particle size expressed as r cs to the wavelength λ: x = 2π r cs /λ (e.g., Bohren and Huffman, 1983 ). While we use the radius of circumscribing sphere r cs to express particle size, another parameter used is the radius of an equal-volume sphere r eq . We denote the size parameter of the equal-volume sphere as x eq and note that x eq can be derived from x and packing density ρ as follows:
Among the six types of irregularly shaped particles used in this study, we consider agglomerated debris particles as a realistic model for cosmic dust. Indeed, this type of particle meets two important features of cosmic dust, that being highly irregular and fluffy. To some extent, appropriateness of agglomerated debris particles has been confirmed recently in cometary applications. For instance, as has been shown in Zubko et al. (2009a) , the degree of linear polarization produced by this type of irregular particles is consistent with polarimetric observations of cometary circumnuclear haloes. Besides, using agglomerated debris particles, it is possible to interpret quantitatively the polarimetric observations of the mega-outburst of comet 17P/Holmes in October of 2007 (Zubko et al. 2009b ). Therefore, we study agglomerated debris particles in the most detail; whereas, the other five types of irregularly shaped particles are used for comparative analysis.
We consider agglomerated debris particles having 15 different refractive indices m, which are representative of materials in cometary dust and planetary regoliths. The actual values of refractive indices studied are given in Table 1 . We classify these materials into two groups for convenience: highly absorbing, Im(m) > 0.02, and weakly absorbing, Im(m) ≤ 0.02, materials.
Some of the listed refractive indices are artificial for cosmic dust applications, e.g., 1.2 + 0i; nevertheless, there is an interest in considering how the scattering properties behave in such limits. The most commonly used models for cometary dust particles are so-called Ballistic
Cluster-Cluster Aggregate (BCCA) and Ballistic Particle-Cluster Aggregate (BPCA) (e.g., Kimura, 2001; Kimura et al., 2008; Lasue et al., 2009 ). The distinctive feature for these aggregates is an extremely fluffy internal structure. Although BPCA is more compact than BCCA, both are much fluffier than agglomerated debris particles. However, within the effective medium approximation (e.g., Bohren and Huffman, 1983) , agglomerated debris particles with m = 1.2 + 0i could be considered as a rough model for silicate particles, but with significantly higher porosity. Note that the effective medium theory is widely used for an approximate incorporation of the porosity into simulation of light scattering by cometary dust particles. For instance, using such an approach, Grynko et al. (2004) fitted the phase function of comet 96P/Machholz 1 with the refractive index m = 1.2 + 0.004i.
Refractive index m = 1.313 + 0i corresponds to pure water ice in visible (Warren, 1984) .
Refractive indices with real part Re(m) = 1.6 and imaginary part Im(m) varying from 0.01 to 0.1i, are consistent with organic material kerogen type II in visible (Khare et al., 1990) . Note also that the refractive index m = 1.6 + 0.02i can be associated as well with ice tholin in blue light (Khare et al., 1993) . Refractive index m = 1.5 + 0.1i is a model for so-called "yellow stuff" (Jenniskens, 1993) ; whereas, m = 1.7 + 0.1i corresponds to organic material studied by Pollack et al. (1994) .
The refractive index m = 1.6 + 0.0005i is approximately Mg-rich pyroxene glass and m = 1.758 + 0.0844i corresponds to iron-rich pyroxene glass in visible (Dorschner et al., 1995) .
For agglomerated debris particles, the size parameter varies over a wide range. For all refractive indices, the smallest value of x is 2; whereas, the largest value depends on refractive index m. In most cases, the size parameter is varied in steps of either 1 or 2. Table 1 shows the values of x considered in this study.
Irregular particles other than agglomerated debris have been investigated at three different refractive indices m = 1.313 + 0i, 1.5 + 0.1i, and 1.6 + 0.0005i. In all these cases, x is varied from 2 to 14 with a fixed step of 2. Note that agglomerated debris particles also have been studied in the given set of m and x.
Averaging of light-scattering properties
Light-scattering properties of irregularly shaped particles are averaged over sample shape and orientation at each set of m and x. In all cases, except those of random Gaussian particles, we consider a minimum of 500 sample particle shapes. Light scattering by each sample particle has been computed for one random orientation of the incident electromagnetic wave and averaged over 100 scattering planes evenly distributed around the propagation direction of the incident light. This averaging over scattering planes does not require significant computational efforts;
however, it improves significantly the statistical reliability of numerical results. We continue averaging over particle shape while fluctuations of the standard deviation of the degree of linear polarization over the entire range of phase angle α exceed 1%; therefore, the actual number of sample particles considered very often exceeds 500. More detail on averaging over scattering planes and control of the averaging quality can be found in Zubko et al. (2008) .
For the random Gaussian particles, we consider a set of 100 sample particles. Therefore, in order to achieve a desirable accuracy in the averaging, we calculate the light scattering from each sample particle at different orientations with respect to the incident light. The minimum number of orientations is 5 per sample particle. Although the criterion for termination of the averaging process is the same as for non-Gaussian irregular particles, there is a significant difference: when a given number of orientations of random Gaussian particles does not provide a desirable accuracy of the averaging, we add one additional random orientation for each sample particle from the ensemble and only then check the accuracy again. Therefore, at the termination of the averaging process, light-scattering properties of each sample particle are averaged over the same number of random orientations.
It should be emphasized that while many of the irregularly shaped particles considered in this manuscript have been already studied in Zubko et al. (2006; 2009a) 
Results and discussion
Considering single-scattering and geometric albedo
When extending the Umov effect for the case of single particles comparable with the wavelength, the choice between single-scattering albedo ω and geometric albedo A plays an important role. The definitions for these types of albedo are as follows (Bohren and Huffman, 1983; Hanner et al., 1981) :
Here, C sca and C ext denote scattering and extinction cross-sections (Bohren and Huffman, 1983 ), respectively; S 11 (0) is the corresponding element of the Mueller matrix at α = 0°; k is the wavenumber; and G is the geometric cross-section of the particle. Note that the result of the product (k 2 G) is dimensionless. Therefore, for simplicity, one can set k = 1 and measure the geometric cross-section of particles G in units of kd, where, d is the size of cells forming the cubic lattice. Formulae (2) and (3) show that for single particles there is a fundamental difference between ω and A. Indeed, the single-scattering albedo incorporates the intensity of light scattered in the entire space surrounding a target particle; whereas, the geometric albedo depends only on backscattering intensity. In other words, the geometric albedo defined for single particles equates to their backscattering efficiency; whereas, for regolith, the geometric albedo is a function of the single-scattering albedo due to multiple scattering. Note that the geometric albedo of a regolith also depends on the phase function of its constituent particles (i.e., their angular profile of intensity normalized to their scattering cross section).
From a general point of view, the choice of single-scattering albedo for single particles seems to be more reasonable, since it includes the integral scattering, not scattering at an arbitrary phase angle. Such an assumption is consistent with the conclusion in Zubko et al. (2009a) , where it was found that the positive polarization degree inversely correlates with the single-scattering albedo over a visibly wider range of Im(m). On the other hand, the use of single-scattering albedo meets an obvious difficulty when non-absorbing particles are considered.
Indeed, at Im(m) = 0 the single-scattering albedo equals 1 through the entire range of size parameter x; whereas the positive polarization degree strongly varies with x (see, e.g., Asano and Sato, 1980; Zubko et al., 2006; 2009a) . The use of the geometric albedo does not suffer this dilemma.
In order to consider the two types of albedo of which the Umov effect might refer, we present Fig. 3 . The upper row of this figure shows the diagram of log(P max ) vs. log(ω), and the bottom row shows the diagram of log(P max ) vs. log(A). All points in Fig. 3 represent agglomerated debris particles only and Table 1 No functional dependence appears between P max and ω. Thus, one can conclude that the Umov effect for single particles appears only when considering the geometric albedo A rather than the single-scattering albedo ω. Therefore, in what follows, we consider and discuss the inverse correlation of P max with A.
Non-linear inverse correlation in the diagram log(P max ) -log(A)
The arrows in the lower panels of Fig. 3 show the paths on the diagram taken when size parameter x increases. The shape of such lines is more complicated for highly absorbing particles due to there being an inflection point. Note that a similar inflection can be seen also for Im(m) = 0.02 on the right bottom panel in Fig Weakly absorbing particles produce non-linearity on the log(P max ) -log(A) diagram due to the contribution of very small particles, especially those for which x = 2-4. These small particles have an angular profile of the degree of linear polarization similar to Rayleigh particles, i.e., the polarization curve has a bell-like shape with rather high maximum of polarization, which is located near phase angle of 90 degrees. However, the linear polarization of Rayleigh particles does not depend on refractive index m at all; whereas, the intensity of backscattering and, hence, the geometric albedo A, obviously show significant variations with m (e.g., Bohren and Huffman, 1983 ).
Thus, for both weakly and highly absorbing particles non-linear regions on the log(P max )
-log(A) diagram are caused mainly by the contribution of the small particles. To illustrate this, we limit the data presented in the bottom panels in Fig. 3 using the condition x ≥ 14 and show the results in the upper row of Fig. 4 . As before, the left panel corresponds to highly absorbing particles, and the right panel corresponds to weakly absorbing particles. In Fig. 4 , one can see that the distribution of points on the diagrams becomes visibly more regular and linear in comparison with that shown in bottom panels of Fig. 3 .
Interestingly, when considering irregular particles with fixed size parameter x = 14 (see bottom panels in Fig. 4 ), the distribution of data points on the log(P max ) -log(A) diagram appears to be quite regular. Note that for highly absorbing particles (see the left bottom panel in Fig. 4) , the 6 points corresponding to different m form almost a straight line. Such quasi-linear behavior holds true for larger x as well, although the slope of the line becomes smaller as x increases. The data points for weakly absorbing particles (right bottom panel in Fig. 4 ) deviate more significantly from the straight line than those corresponding to highly absorbing particles. This likely is due to the weakly absorbing particles having a greater variance in the real and imaginary values of the refractive index. However, an increase of size parameter x tends to decrease the deviations from a straight line. We note, when comparing the distributions of the data points in both bottom panels in Fig. 4 , one can conclude that they form three trends for Im(m) ≈ 0, Im(m) = 0.02, and Im(m) ≥ 0.05, which are distinct from each another in the log(P max ) -log(A) diagram.
Since the non-linear distribution of the data points corresponding to agglomerated debris particles is caused mainly by contribution of small particles with x < 14, the study of other types of irregularly shaped particles in this domain of x is of high interest. In the upper row of Fig 
Impact of the size averaging on diagrams log(P max ) -log(A)
Heretofore, we discussed the application of the Umov effect to irregularly shaped particles of fixed size. However, cosmic dust particles as well as particles forming planetary regolith always reveal size polydispersity. For instance, based on in situ measurements, the dust particles of comet 1P/Halley follow a power law size distribution r -a , where r is the radius of the equal mass sphere and the power index a is varied from 1.5 to 3.4 over the mass range of dust particles from 10 -19 to larger than 10 -12 kg (Mazets et al., 1986) . Therefore, for practical applications, a study of the Umov effect for polydisperse ensembles of irregular particles is essential.
In this sub-section, we present results for the size averaging of agglomerated debris particles having different refractive indices that are listed in Table 1 . As can be seen in Table 1, each of the cases has been studied over a wide range of size parameter x, while its minimal value is 2 for all m, the maximal size parameter x is varied from 26 (for m = 1.5 + 0i and 1.6 + 0.0005i) to 40 (m = 1.2 + 0i). When performing size averaging, we set a step of x equal to 2 for entire range of x, i.e. the data corresponding to odd values of x are not taken into account. The power index a is varied from 1.5 to 4 with a step of 0.1. Thus, the range of variations of a covers what was measured in comet 1P/Halley.
Results for the averaging of agglomerated debris particles over size are shown in Fig. 6 .
All the cases reveal quite regular distributions of the data points on the log(P max ) -log(A)
diagram, which could be approximated well with a smooth curve. Agglomerated debris particles consisting of optically soft materials with m = 1.2 + 0i and m = 1.313 + 0i show almost linear curves. In these plots, the larger values of the power index a form the upper ranges of the curves; whereas, the smaller values of a are responsible for lower ranges, and the arrowed lines show schematically the dependence on increasing the power index a. Increasing material absorption squeezes and rotates the curved line on the log(P max ) -log(A) diagram. This effect can be seen by comparing the curves for m = 1.6 + 0.0005i, 1.6 + 0.02i, and 1.6 + 0.1i. Increasing Re(m) stretches and shifts the curves from left to right on the diagram. Note that despite the non-linear behavior, the curves corresponding to weakly absorbing particles (right panel in Fig. 6 ) hold an inverse correlation between log(P max ) and log(A), while the highly absorbing particles do not.
Implications for comets
Using the log(P max ) -log(A) diagram, we could try to estimate the geometric albedo of dust particles forming a circumnuclear halo of comets (e.g., Levasseur-Regourd, 1999; Hadamcik and Levasseur-Regourd, 2003) , which is the relatively bright, small portion of the inner coma that may surround a cometary nucleus. Typically, the radius of a halo does not exceed a few thousands of kilometers. A distinctive feature of the halo is a strong negative polarization branch observed at small phase angles, the amplitude of which can be up to 6%.
Moreover, in numerous polarimetric images of various comets, the halo region reveals the strongest negative polarization within the cometary coma . As was found in Zubko et al. (2009a) , the strong negative polarization clearly indicates a lack of highly absorbing materials in the haloes. For instance, if the real part of refractive index is Re(m) = 1.5, the upper limit for the imaginary part of refractive index Im(m) is approximately 0.02 (Zubko et al., 2009a) .
Interestingly, a circumnuclear halo is visible only during relatively weak jet activity of comets . We note that low cometary activity correlates with large heliocentric distances. Indeed, such observations imply that the comet has approached closely to the Sun, i.e. with a heliocentric distance of about 1 A.U. or less; however, such approaches significantly increase the activity of a comet that will hide its halo. This problem could be solved using spacecraft-born polarimetry during an encounter with a comet at large , 1997) . Combining the data of ground-based observations obtained by Hadamcik and Levasseur-Regourd (2003) with those received with the OPE, one can obtain the maximum of positive polarization P max of haloes. According to Zubko et al. (2009a) , this could be approximately 12%. Simultaneously, as was shown in that paper, there is a strong correlation between a deep negative polarization branch at small phase angles and a low positive polarization at intermediate phase angles of particles comparable with wavelength. In particular, P max = 12% is consistent with P min = -6%. Nevertheless, while attributing P max = 12% to circumnuclear haloes, we stress that more polarimetric observations of haloes are needed to assure the derived value of amplitude of positive polarization.
Based on the amplitude of the positive polarization branch of haloes, we could derive an approximate geometric albedo A of the dust particles forming a cometary halo. Fig. 6 is the most suitable for this purpose, since it presents results averaged over size with a power law distribution. The same size distribution has been found from in situ measurements of dust particles in the coma of comet 1P/Halley (e.g., Mazets et al., 1986) . The horizontal dashed line in both panels of Fig. 6 shows the positive polarization maxima corresponding to the haloes. As one can see from the left panel in Fig. 6 , all the modeling data corresponding to highly absorbing particles are located distantly from this dashed line: this is consistent with the previous conclusion of the absence of highly absorbing particles in circumnuclear haloes (Zubko et al., 2009a) . Simultaneously, some curves in the right panel of Fig. 6 do cross the dash line, namely modeling data for m = 1.5 + 0i, 1.6 + 0.0005i, and 1.6 + 0.02i. Therefore, the data suggest agglomerated debris particles having a real refractive index Re(m) = 1.5-1.6 and an imaginary refractive index less than approximately Im(m) = 0.02. It is worth noting that the refractive indices m = 1.5 + 0i and 1.6 + 0.0005i correspond well with Mg-rich silicates in visible wavelengths (Dorschner et al., 1995) and refractive indices having greater absorption, toward m = 1.6 + 0.02i could be associated with either Mg-rich silicates with a very small admixture of iron (Dorschner et al., 1995) or organic material kerogen type II at wavelengths exceeding 0.5 μm (Khare et al., 1990) . Note that the first two cases belong to the so-called ROCK component of comets; kerogen type II could belong to the so-called CHON component of comets.
According to in situ measurements of comet 1P/Halley, ROCK and CHON are the most abundant components of comets (e.g., Jessberger, 1999) . From Fig. 6 , one can derive A ≈ 0.18
for the case of m = 1.5 + 0i, A ≈ 0.2 for the case of m = 1.6 + 0.0005i, and A ≈ 0.11 for m = 1.6 + 0.2i. These values are visibly higher than that of the entire coma A ≈ 0.05 (Hanner, 2003) .
Interestingly, agglomerated debris particles fit the polarization maximum of haloes at values of the power-law size-distribution index a = 2 (m = 1.5 + 0i), a = 2.5 (m = 1.6 + 0.0005i), and a = 1.9 (m = 1.6 + 0.02i).
Finally, we note that agglomerated debris particles consisting of optically soft material fail to fit the maximum of linear polarization observed in circumnuclear haloes. As we noted in section 2, optically soft materials often are used to approximate light-scattering properties of fluffy particles using effective medium theories, e.g., weakly absorbing silicates. We conclude that dust particles significantly fluffier than agglomerated debris particles do not appear in considerable quantities in haloes.
The log(h) -log(A) diagram
An obvious difficulty accompanying the application of the Umov effect for the interpretation of ground-based polarimetric observations of asteroids and planetary satellites is caused by the range of small phase angles that can be achieved for distant objects, as the maximum positive polarization is typically observed at large α. For instance, the linear polarization of cometary circumnuclear haloes have maxima near α = 60º (Zubko et al., 2009a) .
The location of the positive polarization maximum of atmosphereless celestial bodies also occurs over a wide range of large phase angles. For the Moon, it occurs at α ≈ 95-110º (e.g., . For the heliocentric distance of Mars (1.5 A.U.), the maximal phase angle that can be achieved with ground-based observations is approximately 48º, which does not allow for its positive polarization maximum to be measured from Earth. Such a limitation inspired the search for analogs of the Umov effect at smaller α (e.g., Geake and Dollfus, 1986; Wolff, 1980) . For asteroids and planetary satellites, instead of using the Umov effect, reliable estimates of geometric albedo can be carried out using the inverse correlation log(h) -log(A), where h is the slope of the polarization curve at the inversion angle (e.g., Cellino et al., 1999; Geake and Dollfus, 1986; Lupishko and Mohamed, 1996; Shkuratov, 1980; Wolff, 1980; Zellner et al., 1977a,b) . This inverse correlation could be considered as an analog of the Umov effect. Note that in cometary applications, the slope of polarization curve h is also considered as a valuable parameter (e.g., Chernova et al., 1993; Boehnhardt et al., 2008) .
We study a possible correlation log(h) -log(A) for the average over six types of irregular particles previously considered in Section 3.2. For materials with Im(m) ≤ 0.02, such an averaging reveals a linear inverse correlation log(P max ) -log(A) that is qualitatively the same as the manifestation of the Umov effect for regoliths. Figure 7 presents the log(h) -log(A) diagram for the average over six types of irregular particles. The left and right panels correspond to highly and weakly absorbing particles, respectively.
Note that the slope of the polarization curve h is formally defined at the phase angle of polarization sign inversion, i.e., when the polarization is 0. However, the average profile of linear polarization of irregularly shaped particles with x = 2 do not have a negative polarization branch; the same holds true for x = 4 at m = 1.5 + 0.1i and m = 1.313 + 0i. Therefore, we exclude these cases from our study of correlation between log(h) and log(P max ).
We do not find a reliable correlation between log(h) and log(A). This suggests that for single particles comparable with wavelength, the positive and negative polarization branches have different origins, and thus the parameter h does not have a simple physical meaning. On the other hand, the inverse correlation held for regoliths with high and moderate brightness (Hapke, 1993; Shkuratov, 1980; Wolff, 1980; Zellner et al., 1977a,b) , and one can conclude that in this case h does have a simple physical meaning.
Conclusion
In this paper we have studied an extension of the Umov effect for the case of single irregularly shaped particles comparable with wavelength. The principal results of this research can be summarized as follows:
1. For single particles comparable to the wavelength the Umov effect is defined in terms of geometric albedo rather than to single-scattering albedo.
2. The Umov effect holds for weakly absorbing irregular particles comparable with wavelength (Im(m) ≤ 0.02) almost through the entire range size parameters x studied in this manuscript.
3. The Umov effect holds for highly absorbing particles (Im(m) > 0.02) only when their size parameters are large, x > 14.
4. For weakly absorbing particles, a non-linear inverse correlation between log(P max ) and log(A) is the result of particles having small values of size parameter x = 2 -14. However, averaging over many different types of irregularly shaped particles makes the correlation significantly more linear. For highly absorbing particles such averaging has no significant effect on the distribution of data points throughout the log(P max ) -log(A) diagram.
5. The size averaging of irregularly shaped particles does not change qualitatively the distribution of the data points on the log(P max ) -log(A) diagram, although it reduces the deviation of the data points from the general trend. In other words, if the inverse correlation is non-linear for particles of a fixed size, the size averaging does not linearize it.
6. For single irregular particles comparable with wavelength there is no reliable correlation between the parameters h and A. Therefore, unlike asteroids, the slope of the polarization curve h observed for comets has no simple connection with dust-particle properties.
7. Using the log(P max ) -log(A) diagram computed for size-averaged agglomerated debris particles, we estimate the geometric albedo A of dust particles forming cometary circumnuclear haloes as A ≈ 0.1 -0.2. This value is a few times larger than A averaged over the entire coma. Simultaneously, the power law distribution index a is found to be a ≈ 1.9 -2.5. Table 1 . List of sets of refractive index m and size parameter x of agglomerated debris particles that have been considered in the current study. Symbol "x" indicates a set of parameters investigated; whereas, an empty cell corresponds to non-investigated case. 
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